In the present study, we have formulated the G equation concept for large-eddy simulation (LES) of premixed turbulent combustion. The developed model for the subgrid burning velocity is shown to correctly reflect Damkö hler's limits for large-and small-scale turbulence. From the discussion of the regime diagram for turbulent premixed combustion, it is shown that given a particular configuration of flow parameters, changes in the LES filter width result in changes along constant Karlovitz number lines. The Karlovitz number is chosen as the horizontal axis to construct a new regime diagram for LES of premixed turbulent combustion, where changes in the filter width are represented by vertical lines. In addition, some new regimes appear in the new diagram, which are related to the numerical treatment. An important conclusion is that changes in the filter width cannot result in changes of the combustion regime among the corrugated flamelets, thin reaction zones, and broken reaction zones regimes. This is a consistency requirement for the model, since the choice of the filter width cannot change the fundamental combustion mode. With decreasing filter width, changes from corrugated to wrinkled flamelets, or in general to a laminar regime, are possible. In applying the model in a numerical simulation of a turbulent Bunsen burner experiment, it is shown that the results predict the mean flame front location, and thereby the turbulent burning velocity, and the influence of the heat release on the flow field in good agreement with experimental data.
Introduction
Large-eddy simulation (LES) of premixed turbulent combustion is now considered to be a promising field. It has the potential to improve predictions of reacting flows over classical Reynolds-averaged Navier-Stokes (RANS) approaches, which lack precision, especially in complex geometry or, for instance, for swirling flows with recirculation.
Since the reaction zone thickness of premixed flames in typical engineering devices is thin, with a characteristic length scale much smaller than a typical LES filter width, chemical reactions occur only on the subgrid scales. Hence, these must be modeled entirely. Different methods have been proposed to model premixed combustion in LES.
One approach is to artificially thicken the flame by increasing the diffusivity [1] [2] [3] . The flame can then be resolved on the LES grid and a subgrid chemical closure is not necessary. To correct the effect on the flame propagation speed, the chemical source term must be modified by the use of so-called efficiency functions obtained from direct numerical simulations (DNS) [4] . This method has already been applied with some success. However, the main drawback of this method is that it can change the principle underlying physical process from a transport-controlled to a chemistry-controlled combustion mode.
The basic idea in flamelet models is that of a thin flame sheet. This assumption leads to two important consequences. First, if the flame, or at least the reaction zone, is thinner than the small turbulent scales, the structure of the flame or the reaction zone remains laminar. Second, within the thin flame, the gradients are very high, and hence, the chemical reactions are balanced by diffusive transport. As an implication of the latter, in a turbulent flow, these terms cannot be modeled independently. In the flamelet model, the flame is replaced by an interface moving with a laminar burning velocity s L , which can be expressed in terms of the molecular diffusivity D and the characteristic chemical time scale t c as s L ϳ (D/t c ) 1/2 , thereby capturing the balance of molecular transport and the chemistry.
In a turbulent flow, the local mass burning rate can then be modeled if the laminar burning velocity and the local flame surface area per unit volume are known. Hawkes and Cant [5] , for instance, have proposed a flamelet model for LES based on a reaction progress variable. In this model, a transport equation for the subgrid flame surface density is solved. Since this formulation relies on the laminar burning velocity, the model can only be applied in the corrugated flamelet regime.
A different formulation of flamelet models is the level-set method, where the instantaneous flame front is treated as an interface, represented by an isosurface of a scalar field G, defined by G ‫ס‬ G 0 . This isosurface is convected by the velocity field u, while it propagates normal to itself with the laminar burning velocity. An equation describing the evolution of this scalar field, the so-called G equation, has been proposed by Williams [6] . For turbulent flows, this equation is only valid if the flame thickness, comprising the inert preheat zone and the thin reaction zone, is small compared to the small turbulent scales. This is commonly called the corrugated flamelets regime. For this regime, a closure for the transport equations of the Reynolds-averaged G and its variance has been provided by Peters [7] .
If the flame thickness is larger than the small turbulent scales, but the reaction zone remains thinner, the reaction zone structure still remains laminar, and only the transport in the preheat zone is changed by the turbulence. This has been called the thin reaction zones regime [8] .
Different formulations of flamelet models for LES based on the G equation have been proposed, for the corrugated flamelets regime, for instance, by Chakravarthy and Menon [9] and for the thin reaction zones regime by Kim and Menon [10] .
Peters [8] has provided a transport equation for G, valid in both the corrugated flamelets and the thin reaction zones regime as
where t is the time, q is the density, u is the velocity vector in the unburned mixture, and j is the curvature of an isosurface of G. In this equation, the first term on the right-hand side is the propagation term involving the laminar burning velocity, which is dominant in the corrugated flamelets regime, and the second term is the curvature term, most important in the thin reaction zones regime. Since the laminar burning velocity is defined only at the flame surface, equation 1 is only valid at G 0 , and the G field outside of this surface must be defined differently. Note that since equation 1 has no diffusion term, the solution at G 0 does not depend on the definition of the remaining field. A Reynolds-averaged form of equation 1 has been derived by Peters [8] . Also an analytic model for the turbulent burning velocity, which appears as an unclosed term in the mean G equation, is provided from a transport equation for the flame surface area ratio.
In the following, using arguments similar to those of Peters [8] , a model for LES of premixed combustion based on the G equation and valid for both the corrugated flamelets and the thin reaction zones regime will be presented. The model will be validated using data from a turbulent Bunsen burner experiment by Chen et al. [11] . Numerical results from the LES are compared with measured velocity and temperature data for the cold and the reactive flow.
Regime Diagram in Large-Eddy Simulation
Regime diagrams for premixed turbulent combustion in terms of velocity and length scale ratios have been proposed by Borghi [12] and other authors. A recent version by Peters [8] 
where l F is the laminar flame thickness and g is the Kolmogorov length scale. It is important to note that, while changes of the filter width result in changes in the Reynolds and the Damkö hler number, the Karlovitz number is independent of the filter width. Changes in the filter width therefore proceed at constant Karlovitz number. The regime diagram by Peters [8] is given as vЈ/s L as a function of l/l F , where vЈ is the turbulent velocity fluctuation at the integral length scale l. In LES, the integral length scale must be replaced by a characteristic subgrid length scale, which can be given by the filter width. It follows that the location in the regime diagram depends on the LES filter size. The objective here is to discuss the influence of the filter size on the location in the regime diagram and to develop a new regime diagram for LES, which allows to clearly distinguish between changes of the turbulence/chemistry interaction and the numerical treatment in an LES.
The transfer rate of turbulent kinetic energy e is inertial range invariant. Hence, the scaling for e in terms of a velocity and a length scale can be employed at any length scale within the inertial subrange. The appropriate relation is given here at the integral length scale and at the filter scale
The third relation in equation 3 is the scaling at the 
Since the only quantity independent of the filter width is the Karlovitz number, it seems convenient to use the Karlovitz number instead of the length scale ratio to construct a regime diagram for LES. As a second axis either the velocity ratio vЈ D /s L or the length scale ratio D/l F can be chosen. Here we will use D/l F , since this clearly reveals the influence of the filter width.
The new regime diagram can be constructed from the relations given in equation 5 and is shown in Fig.  1 . It includes the same physical information as Peters' diagram [8] , but in addition it reveals some new regimes, which are related to the numerical treatment. This diagram also has the advantage that the consequences of changing the filter width become evident. This is indicated in Fig. 1 , showing, for instance, that a change in the filter width cannot change the combustion regime across the KlimovWilliams criterion (Ka ‫ס‬ 1) or the Peters criterion (Ka d ‫ס‬ 1). Therefore, in the new regime diagram, changes in the horizontal direction correspond to changes in the turbulence/chemistry interaction at constant filter width, while changes in the vertical direction correspond to changes in the filter width at constant physical parameters.
Starting from the corrugated flamelets regime, a smaller filter width can decrease the subgrid fluctuations such that vЈ D Ͻ s L when the filter width becomes smaller than the Gibson scale l G , thereby changing the modeled part of the combustion process to the wrinkled flamelet regime. The corrugation of flamelets would then occur at the resolved scales and would not appear in the subgrid modeling. Although the subgrid part of the flame in this regime has a completely laminar structure, the flow field still reveals subgrid turbulence. If from here, or from the thin reaction zones regime, the filter width is decreased even further, also the subgrid part of the flow field becomes laminar when D Ͻ g. In this so-called laminar flamelets regime, the turbulence is resolved by the simulation, but the reaction zone thickness is still smaller than the filter width. However, if the G equation according to equation 1 would be used in a simulation, all relevant length scales would be resolved in this regime. This regime can therefore also be referred to as the G equation DNS regime. If in this regime or starting from the broken reaction zones regime the filter width is further decreased to a value smaller than the reaction zone thickness d, then also the length scale of the reaction zone is resolved and the simulation constitutes a DNS, also if a temperature or progress variable equation rather than the G equation is solved.
Governing Equations
We consider the low Mach number approximation of the Navier-Stokes equations. To achieve a proper description of the flow field, the filtered equations for mass and momentum conservation must be solved. The filtered density appearing in these equations has to be provided by the combustion model.
Filtered G Equation
Following a procedure similar to that of Peters [13] , an equation for the filtered G equation valid in both the corrugated flamelets and the thin reaction zones regime can be derived as ‫ץ‬G˜˜q ‫ם‬qũ • ٌG ‫ס‬qs |ٌG| ‫מ‬qDj|ٌG| (6) a spatial Favre filtering. The double prime appearing below stands for the Favre fluctuations. This equation is only valid at the flame surface, outside of which G must be defined differently. Here, for convenience, the flame is assumed to be at G 0 ‫ס‬ 0 and the remaining part of the G field will be determined to be a signed distance function, negative in the unburned and positive in the burned gases.
The turbulent burning velocity s T appearing in equation 6 has been introduced as (qs ) |ٌG| ‫ס‬ (qs )r
T L where is the flame surface area ratio, which is yet r unknown and must be modeled. Modeling of the conditional velocity appearing in equation 6 is described in Ref. [13] .
Turbulent Burning Velocity
Similarly to Peters [14] , an equation for the subgrid variance of G corresponding to equation 6 can be derived as
Since equation 6 is only defined to be valid for G ‫ס‬ G 0 and the variance can only be defined with the mean, also equation 8 can only be used at G ‫ס‬ G 0 . The fluctuation GЉ represents the departure of the instantaneous flame front from the mean flame front location. In equation 8, the turbulent production term has been modeled using a gradient transport assumption, where D t is the turbulent diffusivity. The last two terms denote the kinematic restoration and the scalar dissipation, respectively. Both result in the attenuation of the variance of G and act on the small scales. Therefore, the scaling for these terms developed by Peters [8] in a Reynolds-averaged context can also be used here. In particular, it has been shown that the kinematic restoration should be proportional to the mean propagation and independent of the small scales [7] , and the scalar dissipation must involve a molecular diffusivity [8] . This leads to
and n ‫ס‬ c Dr [15] . Assuming that in the scalar variance equation the production term balances the attenuation terms leads with equations 9 and 7 to an analytic expression for the turbulent burning velocity
The laminar burning velocity has been added to achieve the correct limit for laminar flows. The constants c 2 and c 3 have been determined such that the expression for the turbulent burning velocity for 
1/3 , implying that in the large-scale limit a doubling in the filter size only leads to an about 25% increase in the burning velocity. For the small-scale limit, equations 5 and
2/3 , which would result in an approximately 50% change, if the filter size was doubled.
As shown in the discussion above, the subgrid burning velocity essentially includes two parts, the kinematic restoration, important in the corrugated flamelets regime, and the dissipation, important in the thin reaction zones regime. As equation 10 shows, the transition depends on the Damkö hler number and thereby on the filter width. This seems to be in contrast with the earlier finding that the combustion regime is independent of the filter width. In the corrugated flamelet regime, the turbulent length scale is much larger than the flame thickness, and hence, the dissipation, representing curvature effects, is present, but cannot be important. However, the curvature becomes important, when the turbulent length scale becomes of the order of the flame thickness. In the corrugated flamelet regime, decreasing the filter size reduces the largest scales which must be modeled. When the filter width is reduced such that it becomes comparable to the flame thickness, the effects of curvature become important for the subgrid burning velocity. However, it is easy to see from equation 5 that the Damkö hler number cannot become smaller than unity in the corrugated or the wrinkled flamelet regime. Thereby, even if curvature effects become increasingly important, s T still remains dominated by the kinematic restoration.
Evaluation of the Filtered Density
To solve the momentum equations, the filtered density must be computed from the combustion model. Peters [14] has suggested an algorithm in the Reynolds-averaged context for adiabatic simulations. The algorithm used in this study is similar, but extended to account for possible heat losses to the burner, which have been found to be important in the experiment considered for the present simulations. The present formulation also accounts for the mixing of the postflame region with the coflowing air.
If the flame thickness is small compared to the filter width, the temperature can be assumed to be discontinuous at the flame, changing from the constant unburned to the adiabatic flame temperature. This assumption can then also be made for the density.
To account for heat losses, an equation for the filtered enthalpy is solved. The enthalpy is defined h to include the heat of formation and is hence a conserved quantity, except for heat losses at walls and radiative heat losses, the latter of which have been neglected here. To account for inert mixing with the coflowing air, also an equation for a filtered mixture fraction Z is solved. The mixture fraction is defined to be zero in the coflowing air and unity in the premixed jet. Both of these equations have no chemical source terms and, hence, do not require any chemistry closure model.
The density is assumed to be a function of the mixture fraction, the enthalpy, and G only. The instantaneous density can then be determined as
where in the unburned gases, the density is determined by inert mixing given by
, and q 2 and q 1 are the densities in at Z ‫ס‬ 0 and Z ‫ס‬ 1, respectively. In the burned gases, the density is given by the solution of a steady-state flamelet library, describing the mixing of hot stoichiometric gases with cold coflowing air. For the simulation of steady-state flamelets, the enthalpy varies linearly with the mixture fraction. For the test case considered below, heat losses occur only in the pilot flame, where Z ‫ס‬ 1. Therefore, only h 1 appears as a parameter in the flamelet equations, and the density can be described as q ‫ס‬ q b (Z, h 1 ) .
The evaluation of the filtered density then follows the presumed pdf approach as described in Peters [14] .
Numerical Simulation

Experimental Setup
As a test problem for the model presented in the previous section, the so-called flame F 3 , experimentally investigated by Chen et al. [11] , has been chosen. The experimental setup consists of a stoichiometric premixed methane/air flame stabilized by a large pilot flame. Both incoming streams, the main jet and the pilot, have the same composition and are surrounded by a coflowing air stream. The nozzle diameter D of the main stream is 12 mm. The pilot stream issues through a perforated plate (1175 holes of 1 mm in diameter) around the central nozzle with an outer diameter of 5.67 D. The main stream is turbulent with a jet Reynolds number based on the inner nozzle diameter and a bulk velocity of U 0 ‫ס‬ 30 m/s of Re ‫ס‬ 23,486. Based on the estimated characteristic length and time scale given in Chen et al. [11] , the velocity and length scale ratios can be determined to be uЈ/S L ‫ס‬ 11.9 and l/l F ‫ס‬ 13.7. This leads to a Karlovitz number of Ka ‫ס‬ 11.1, indicating that flame F 3 is located well within the thin reaction zones regime, but still far from the broken reaction zones regime.
Large-Eddy Simulation
The computer code used in this study has been developed at the Center for Turbulence Research by Pierce and Moin [18, 19] . The filtered low Mach number approximation of the Navier-Stokes equations is solved in cylindrical coordinates on a structured staggered mesh. The numerical method is a conservative, second-order finite-volume scheme. Second-order semi-implicit time advancement is used, which alleviates the CFL restriction in regions where the grid is refined. Details of the numerical method can be found in Pierce [19] and Akselvoll and Moin [20] . The flamelet library has been computed using the GRI-MECH 2.11 chemical reaction mechanism [21] .
To ensure sufficient regularity of the G field away from the G 0 surface, G is defined in the whole domain as a distance function. The constraint |ٌG | ‫ס‬ 1 needs to be enforced at each time step by a so-called reinitialization procedure. The numerical procedure used here has first been described in Sussman et al. [21] and was later extended by Russo and Smereka [22] .
Grid and Boundary Conditions
The computational domain extends to 20 D downstream of the nozzle and 4 D in the radial direction. The LES grid is 296 ‫ן‬ 64 ‫ן‬ 64, corresponding to approximately 1.2 million cells. At the inflow boundary, instantaneous velocities extracted from a separate LES of a fully developed pipe flow are prescribed. Convective conditions [19] are prescribed at the outflow boundary, while traction-free conditions [23] are imposed on the lateral boundaries to allow entrainment of fluid into the domain. The enthalpy in the inflow streams has been prescribed to match the experimental temperature at the first experimental station, which is very close to the nozzle at x/D ‫ס‬ 0.25.
Results and Discussion
An example of the instantaneous flame surface is shown in Fig. 2 . The acceleration of the burned gases behind the flame front caused by the heat release is illustrated by the instantaneous field of the axial velocity given in the bottom part of the figure.
The top part of Fig. 2 shows the corresponding temperature field. The highest temperatures can be observed in the region behind the instantaneous flame front.
Due to the consumption of the unburned mixture, the mean flame front position is converging toward the centerline at farther downstream positions. The computed, time-averaged axial position, where the fuel is completely consumed, is at approximately x/D ‫ס‬ 9.0, which is in good agreement with the experimental value of x/D ‫ס‬ 8.5 given in Chen et al. [11] . This result shows that the model for the subgrid turbulent burning velocity s T leads to a reasonable prediction of the averaged flame location.
Quantitative results are compared to experimental data in Figs. 3-6 . To judge the performance of the combustion model and also to discuss the effect of heat release, results from a cold flow simulation will be discussed first. Figures 4 and 5 show radial profiles of the time averaged axial velocity at x/D ‫ס‬ 2.5 and 6.5. The turbulent kinetic energy at these positions is shown in Fig. 6 . The agreement for all data is very good, providing confidence in the ability of LES to describe this flow correctly and particularly in the proper treatment of the inflow conditions provided from the experiments.
The mean radial profiles of temperature and axial velocity very close to the nozzle at x/D ‫ס‬ 0.25 are compared to experimental data in Fig. 3 . The agreement is quite good and is shown here only to demonstrate that the inflow conditions have been chosen appropriately. In the adiabatic case the maximum non-dimensional temperature, defined asH ‫ס‬ (T ‫מ‬ T 1 )/(T b ‫מ‬ T 1 ), where T b is the adiabatic flame temperature, should be H ‫ס‬ 1.0. However, because of the strong heat losses to the pilot nozzle, the maximum temperature in the pilot flame is only H Ϸ 0.8.
The mean radial profiles of temperature and axial velocity for the reactive case are also shown in Figs. 4 and 5. Significant differences can be observed in the velocity predictions compared to the cold flow case, for which the mean axial velocity at the centerline decreases much faster than for the reactive case. This also reveals much broader radial profiles compared to the cold flow case. The main reason for this is the acceleration induced by the heat release. This effect is captured by the simulation in good agreement with the experimental data.
The temperature profiles generally overestimate the experimental data slightly, but the agreement is still reasonable. The strong cooling influence of the broad pilot flame can be observed at x/D ‫ס‬ 2.5. At x/D ‫ס‬ 6.5, the cold coflowing air stream also becomes important. Figure 6 shows the radial profiles of the turbulent kinetic energy k for the cold and the reactive simulation. As for the mean velocity, the evolution of k at the centerline is found to be very different in both cases. For the cold flow case, the turbulent kinetic energy is increasing in the downstream direction and reaches a maximum at x/D ‫ס‬ 8.5, which is not shown here, whereas k stays approximately constant for the reactive case. This result confirms that combustion strongly influences transport of turbulence toward the centerline by preventing radial transport of the turbulent kinetic energy produced in the shear layers. Although some discrepancies remain, this important result, also observed in the experiments [11] , is well reproduced by the simulation. In the reactive case, the turbulent kinetic energy profiles reveals two maxima, one on the burned side and one on the unburnt side of the mean flame position. The radial location of both peaks is well predicted. However, the maximum values are generally overpredicted.
Conclusions
In conclusion, the G equation model has been shown to be well suited for applications in LES. The model for the subgrid burning velocity presented here correctly represents Damkö hler's large-scale and small-scale turbulence limits. The influence of the LES filter width on the model predictions has been discussed in terms of the regime diagram for turbulent premixed combustion. It has been shown that the Karlovitz number is independent of the LES filter width. The implication is, for instance, that changes of the filter width cannot change the combustion regime, but can account for the correct transition of the subgrid burning velocity to the laminar burning velocity when the filter width becomes smaller than the Kolmogorov length. Although the choice of the filter width can potentially change the subgrid burning velocity from the Reynolds-averaged turbulent to the laminar burning velocity, the dependence has been shown to be weak. This is a benefit for LES, since then the exact choice of the filter width becomes less important.
In the application of the model to a turbulent Bunsen burner experiment, reasonable agreement with the experimental data indicates that the turbulent burning velocity and the influence of the heat release on the flow field are correctly represented by the model.
